This work extends asymmetric balance (AB) theory to the beta plane (␤-AB). The physical problem examined is the motion of a coherent vortex on a beta plane in a finite depth fluid in the absence of an environmental steering flow. A useful attribute of the ␤-AB formulation is that it allows one to separate the linear and nonlinear balance contributions to the vortex motion when the standard Rossby number is not small compared to unity. It is therefore well suited for testing the hurricane-motion paradigm proposed by Willoughby for equivalent barotropic dynamics.
Introduction
Although real hurricanes and their environmental flows are three-dimensional, barotropic vortex dynamics is still considered pertinent to the hurricane-motion problem (Franklin et al. 1996) . The success of barotropic models in tropical cyclone track forecasting has been established and well documented (Aberson and DeMaria 1994, among others) . The self-advection mechanism arising when a circular vortex is placed in the earth's vorticity gradient, ''beta drift,'' is one of several factors (e.g., vertical and horizontal shear, upperlevel anticyclone influences, asymmetric convection, vortex tilting) believed responsible for track deviations from a given environmental steering flow.
While nondivergent vorticity dynamics has been shown to capture the essential dynamics of beta drift, the construction of a simple balance framework for studying beta drift in finite depth vortices analogous to the quasigeostrophic shallow water system incorporating gradient balance as opposed to geostrophic balance in the near-vortex region of an intense large-scale vortex is nevertheless desirable. Toward this goal McWilliams et al. (1986) and McWilliams and Gent (1986) used the nonlinear balance equations to examine the motion of mesoscale and submesoscale oceanic vortices possessing order unity Rossby numbers. With the usefulness of the nonlinear balance equations in rapidly rotating weakly divergent flow regimes established (Spall and McWilliams 1992) , their mathematical complexity can still be an obstacle to extracting conceptual insight. An alternative to the nonlinear balance equations for nearly circular vortices is the asymmetric balance (AB) formulation proposed by Shapiro and Montgomery (1993; hereafter SM) . By carrying out extensive symmetrization experiments on a stable hurricane-
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like vortex in gradient balance, Kallenbach and Montgomery (1995) and Montgomery and Kallenbach (1997;  collectively referred to as MK) demonstrated the consistency and accuracy of the linear f-plane AB formulation. Here we build on recent work by extending the AB formulation to the beta plane (␤-AB). Unlike the implicit and coupled nature of the nonlinear balance equations, the strength of the ␤-AB formulation lies in the simplicity furnished by a single forecast equation (a natural extension of the quasigeostrophic pseudo-potential vorticity equation) that allows one to separate the linear and nonlinear contributions to the vortex motion forced by beta in the geophysically relevant case of a finite depth fluid.
In a series of papers Willoughby (1988 Willoughby ( , 1990 Willoughby ( , 1992 Willoughby ( , 1994 Willoughby ( , 1995 has proposed a provocative paradigm of hurricane beta drift for equivalent barotropic dynamics. If correct, this has implications for our understanding of hurricane motion. For hurricane strength vortices, Willoughby (1992 Willoughby ( , 1995 hypothesizes that the beta effect forces a neutral normal mode at zero frequency that resides on the vortex and translates with it. For a cyclonic vortex, Willoughby's linearized dynamics predicts a persistent (nonvanishing) acceleration of the vortex in the northwestward direction in the Northern Hemisphere. The persistent acceleration is argued to be analogous to the response of a linear oscillator when forced at its natural frequency. If this hypothesis is correct then linear beta drift for hurricane vortices in an equivalent barotropic fluid is fundamentally different from linear beta drift for quasigeostrophic vortices (Sutyrin and Flierl 1994) , which yields finite asymptotic drift speeds. Given a different linear dynamics, then the nonlinear and three-dimensional dynamics may be different as well. In other words, our understanding of vortex motion based on nondivergent and quasigeostrophic models may be invalid for hurricane-like vortices in equivalent barotropic and three-dimensional settings. We therefore think it is important to either validate or falsify the Willoughby paradigm before tackling more complex vortex motion problems. Since the ␤-AB formulation is valid for vortices whose standard Rossby numbers are not small compared to unity, it is naturally suited for testing Willoughby's hypotheses without the added complexity associated with propagating gravity-inertia waves.
The outline of the paper is as follows. Section 2 develops the linear ␤-AB formulation for a shallow water fluid and section 3 presents track forecasts using the linear model for a variety of vortices whose intensities range from an incipient vortex to a hurricane. Section 4 proposes a nonlinear formulation for ␤-AB suitable for the present vortex motion studies and examines its nonlinear dynamics. Section 5 provides a summary of the main results, an assessment of the Willoughby paradigm, and concluding remarks.
Linear AB theory on a shallow water beta plane a. Linear PE
Above the boundary layer, a hurricane can be usefully viewed as a circular vortex in gradient balance plus small-amplitude asymmetries ( Fig. 1 of SM) . We therefore commence the mathematical development with the beta-plane shallow water primitive equations (PE) in an earth-based cylindrical coordinate system linearized about a circular vortex in gradient balance. Future work will explore the possibility of improving the accuracy of the track forecasts presented later through the use of a storm-relative formulation of ␤-AB.
Denoting the basic-state tangential wind by and defining the material derivative operator following the basic-state wind as
the linearized radial momentum, azimuthal momentum, and continuity equations are
2) Dt r ‫ץ‬ and
Dt r ‫ץ‬r r ‫ץ‬ dr
Here r and denote radius and azimuthal angle, respectively; uЈ the perturbation radial wind; Ј the perturbation tangential wind; Ј the perturbation geopotential; f ϭ f 0 ϩ ␤r sin the Coriolis parameter approximated by two terms in a Taylor series about a reference latitude; ⌽ the basic-state geopotential in gradient balance with ( f 0 ϩ 2 /r ϭ ‫ץ‬⌽/‫ץ‬r); ϭ r Ϫ1 d(r )/dr the basic-state relative vorticity; ϭ f ϩ the basic-state absolute vorticity; and ϭ f ϩ 2 /r the modified Coriolis parameter. The definitions for and include the azimuthally dependent Coriolis parameter. Unless stated otherwise all other barred quantities denote azimuthal averages.
b. Linear ␤-AB
Let ⌽ ϱ denote the constant ambient geopotential and ϭ ⌽ Ϫ ⌽ ϱ denote the axisymmetric geopotential deviation from ambient. The pseudo-potential vorticity (PV) equation in an earth-based coordinate system governing linearized quasigeostrophic (QG) vortex dynamics on a shallow water beta plane is then 2 2
FIG. 1. The initial benchmark hurricane vortex: the tangential wind, ⌽ the geopotential for a fluid with a resting depth of 1 km, the absolute vorticity at 20ЊN, and q ϭ /⌽ basic-state potential vorticity. Only the innermost 1000 km of the model domain is shown for ⌽, , and q.
is the basic-state PV. Defining the standard Rossby number R ϭ / f 0 r, the errors incurred in deriving (2.4) scale
In the near-vortex region, where R Ͼ 1, the QG ␤-plane formulation is invalid and a simple balance formulation incorporating gradient balance rather than geostrophic balance as a zeroth-order approximation is desired. Here we develop a simple balance model for examining the motion of an intense vortex that retains full inertial effects in the near-vortex region 1 The symbol O(a, b) denotes the usual meaning for error terms of a Taylor series expansion of a multivariate function at a particular truncation. yet blends smoothly onto (2.4) in the environment where
Following SM, gravity-inertia waves are filtered at the level of the momentum equations. Differentiating (2.1) and (2.2) with respect to D V /Dt and using the undifferentiated momentum equations to eliminate
Equations (2.6) and (2.7) resemble forced harmonic os- 
Dt r
where n is the azimuthal wavenumber. As in SM we define R n eration terms in (2.6) and (2.7). Shapiro and Montgomery (1993) provided an in-depth discussion of the conditions for which the neglect of terms scaling as can 2 R n be considered valid. For hurricane-like vortices only can be considered less than unity throughout the near-2 R 1 vortex region. For weaker vortices (i.e., vortices possessing order unity Rossby numbers) the approximation also becomes valid for n ϭ 2 and is significantly more accurate for n ϭ 1. Specific examples are given in the following sections. Since MK demonstrated the dynamical consistency of the linear AB formulation for monotonic (hence stable) hurricane-like vortices for azimuthal wavenumbers n Ն 1, the low wavenumber restriction will be lifted in the present derivation. Invoking the AB approximation K 1 allows (2.6) 2 R n to be approximated by
Dividing (2.11) by and using (2.1) to substitute for Ј yields
Now, if throughout the flow Similar arguments applied to (2.7) give
The derivation of (2.16) requires that
The corresponding quotient ( ␤ cosD V Ј/Dt)/( 2 Ј) scales as (␤r/ n) . From the plot of (␤r/ ) for the 2 2 R R n 1 benchmark vortex at 20ЊN shown in Fig. 2b we see that this term is also small compared to unity throughout the vortex and its environment. Equations (2.15) and (2.16) thus constitute approximate polarization relations for the balanced wind. Substituting (2.15) and (2.16) into the continuity equation (2.3) gives a first-order evolution equation for Ј:
[ ] 3 ). In actuality, ␤r 2 / becomes large in the vortex environment (r Ͼ 2000 km) and the ␤-plane approximation breaks down when ␤r/ f 0 ϳ O(1). However, since the beta gyres typically attain their maximum amplitude within the 2000-km radius, the breakdown of the ␤-plane approximation at large r is not a serious limitation of the present formulation and is in line with other studies of vortex motion on the ␤ plane (e.g., Fiorino and Elsberry 1989, hereafter FE; Sutyrin and Flierl 1994) . Though (2.18 ) is a minimal truncation of the linear PE it proves convenient to simplify it further. The simplification incurs errors that are of the same formal order of accuracy as the errors associated with (2.18) and (2.4) in the near-vortex region and environment, respectively. Consistent with these approximations, f is approximated by f 0 unless it is explicitly differentiated. Adopting subscript notation for partial derivatives, the simplified evolution (SM) . Because this balance approximation places no restriction on the magnitude of asymmetric divergence it remains formally valid for relatively shallow flows where the squared Froude number is subcritical (i.e., 2 /gh Ͻ 1) but not small compared to unity. The ␤-AB model thus complements the nonlinear balance model of McWilliams et al. (1986) and McWilliams and Gent (1986) for examining the motion of mesoscale and submesoscale oceanic vortices possessing order unity Rossby numbers and small Froude numbers.
c. Analogous conservation laws for ␤-AB
As verification of its formal consistency, momentum, vorticity, potential vorticity, and energy equations analogous to those of the linearized PE can be derived for ␤-AB.
MOMENTUM
Consistent with the approximations made to obtain (2.19), the polarization relations (2.15, 2.17) can be simplified and recast as radial and azimuthal momentum equations
denote f -plane pseudo-momenta in the radial and azimuthal directions, respectively. The factors multiplying the pressure gradient terms are equal to unity on an f plane. On a ␤ plane, however, these terms are necessary to correctly represent Rossby wave dispersion in a resting fluid [ ϭ 0; cf. (i) above].
VORTICITY
Taking the curl of the pseudo-momentum equations and invoking approximations consistent with the derivation of (2.19), a pseudo-vorticity equation can be derived:
the pseudo-momentum based on the inertia parameter 0 :
The similarity and differences between (2.24) and the vorticity equation of the linear PE are worth noting. The f-plane basic state vorticity is advected by the perturbation radial wind in both models. The ␤-plane basic-state vorticity is converged in the PE, while the f-plane basic-state vorticity is converged in the ␤-AB model. The two also differ in the advection of planetary vorticity: in the ␤-AB model the generalized geostrophic wind advects the uЈ 0 planetary vorticity in the radial direction while the ''total'' wind ϩ multiplied by 0 / 0 advects the planetary Ј 0 vorticity in the azimuthal direction. The term 0 / 0 approaches unity in the vortex environment where the beta gyres attain their maximum amplitude. In the near-core region the 0 / 0 term drops below unity for intense vortices and is expected to introduce a distortion in the nearfield solutions. Numerical simulations presented later nevertheless show that this near-field distortion does not change the qualitative dynamics of linear beta drift when the ␤-AB model is valid.
POTENTIAL VORTICITY
The linear PV principle results after eliminating the divergence term between the continuity and pseudo-vorticity equations:
where
is the perturbation pseudo-PV. Aside from the distortion term multiplying the tangential wind, the linear PV principle is analogous to that of the linearized PE.
ENERGY A disturbance energy equation results upon forming
where ϭ (1/ 0 ‫ץ()‬ Ј/‫ץ‬r) denotes an azimuthal pseu-Ј 0 do-momentum, uЈ denotes the total wind defined by (2.22, 2.23), and ⍀ ϭ /r denotes the basic-state angular velocity. The energy equation is thus exactly analogous to that of the linearized PE. The last term in (2.29) arises due to the beta-effect and signifies a source of perturbation energy associated with the advection of planetary vorticity by the mean circular vortex.
The linear beta drift problem

a. Motivation
As a prerequisite to developing a nonlinear theory for ␤-AB, the usefulness of the linear formulation must first be established. To this end we consider the canonical problem of linear barotropic vortex motion on a beta plane. For the linear ␤-AB formulation to capture the essential dynamics of beta drift, the desired results are clear. The vortex should initially force east-westoriented gyres, then advect them so that the flow between them is toward the northwest. The drift speed of the vortex will then either asymptote to a constant at large times, consistent with the theoretical prediction of Sutyrin and Flierl (1994) , or increase indefinitely as predicted by Willoughby (1992) . The linear ␤-AB model will be used to determine whether circular vortices possessing O(1) or greater Rossby numbers attain finite linear drift speeds in equivalent barotropic dynamics.
b. Governing equations
Because the ensuing asymmetries are proportional to the forcing, they scale as O(␤). The solution can then be expanded in an asymptotic series (Reznik and Dewar 1994) involving the dimensionless parameter ␣ ϭ ␤(R MW ) 2 /V max K 1, where R MW is the radius of maximum tangential winds and V max is the maximum tangential
wind. To first order in ␣, the asymmetries are determined by neglecting the perturbation advection of planetary vorticity. Planetary Rossby wave radiation is therefore precluded at this level of approximation. (At long times, however, planetary Rossby wave radiation becomes important and can no longer be neglected.) The simplified pseudo-momentum equations then are
and the simplified forecast equation is
The numerical model solves (3.5) semispectrally, with Fourier modes in the azimuthal coordinate and grid points in the radial coordinate. Second-order centered differences are employed to approximate radial derivatives. Inversion for the geopotential tendency ‫ץ‬ Ј/‫ץ‬t is accomplished with a tridiagonal solver. Denoting the wavenumber component by a subscript, and the Fourier transform by a caret, the boundary conditions are then as follows. For wavenumbers n Ն 1, /‫ץ‬t ϭ 0 at r ‫ץ‬ n ϭ 0 and r ϭ r max (outer boundary); while for n ϭ 0, /‫ץ‬r ‫ץ‬t ϭ 0 at r ϭ 0 and /‫ץ‬t ϭ 0 at r ϭ r max .
To be consistent with the formulation of a purely linear beta drift model, only wavenumber-one contributions to the right-hand side of (3.5) are retained and all wavewave and wave-mean flow interactions are neglected. The numerical model is time stepped with a fourthorder Runge-Kutta scheme with typical time increments equal to 5 min. With a radial grid spacing of 2.5 km, the chosen timestep falls below the empirically determined Courant-Friedrichs-Lewy (CFL) stability limit. Being a balanced model, the time step is roughly 20 times larger than what would be allowed in an equivalent PE model with explicit time stepping. All linear runs use 1200 radial grid points and employ a diffusion operator acting on Ј inside the brackets of (3.5) so as to remove finescale PV associated with the enstrophy cascade. Explicitly, the added diffusion term is (r ␥ 0 Now consistent with the physical formulations described in section 2b, the numerical model is formulated in an earth-based coordinate system whose origin resides at the instantaneous vortex center. The center of the vortex is identified using a best circle fit to the height field at the radius of maximum tangential winds. The method is the same as that of Flatau (1992) . The center of the vortex is checked after a prescribed time, and if it has moved more than a desired distance, the grid center is moved and the total potential vorticity is reinterpolated to the new grid. The linear simulations use bilinear interpolation, while the nonlinear simulations of section 4 use fourth-order interpolation. ''High-wavenumber noise'' associated with repeated interpolations is avoided in the linear problem by setting all the asymmetric Fourier coefficients other than n ϭ 1 to zero after interpolation.
d. The benchmark vortex
The benchmark vortex shown in Fig. 1 is identical to the one used in Montgomery and Kallenbach (1997) . It possesses a large Rossby number in the inner core region (R Ӎ 18) and is in gradient balance with f 0 ϭ 5 ϫ 10 Ϫ5 s Ϫ1 . The vortex scales as a minimal hurricane while ensuring that Ͻ 1 throughout the flow. The 2 R 1 basic-state PV is everywhere smooth, monotonic, and positive, thereby guaranteeing both inertial (centrifugal) stability and shear stability in this balance formulation (Montgomery and Shapiro 1995) .
e. Results for the benchmark vortex
When a circular vortex is placed on a ␤ plane an initial vorticity dipole forms that is oriented east-west possessing maxima and minima near the vortex core. At subsequent 2 The numerical solution method for the nonlinear ␤-AB formulation presented in section 4 is again semispectral and retains all azimuthal wave-mean flow and wave-wave interactions up to the azimuthal truncation. For the nonlinear runs the outer domain is either 6000 or 12 000 km with an associated radial grid spacing of 5.0 or 10 km, respectively. The numerical diffusivity is 1.5 ϫ 10 11 m 4 s
Ϫ1
for the everywhere-cyclonic vortices and ten times this value for the zero-RAM vortex. The value of in the diffusion term is held fixed 2 ␥ 0 at its value at r ϭ 0 in the nonlinear experiments. times the distance between these extrema gradually increases and the dipole axis rotates counterclockwise (Smith et al. 1990 ). From Figs. 3 and 4 we see that the beta gyres evolve in the AB model as described. The gyres are qualitatively similar to the gyres presented in Smith et al. (1990) , Willoughby (1995) , and Shapiro and Ooyama (1990) . At long times the Ј and qЈ fields possess extrema at approximately 1500 km. Detailed time series of |Ј| and |qЈ| (not shown) clearly show the extrema working their way outward and approaching a steady-state limit consistent with one's expectations based on linear nondivergent dynamics (Smith and Ulrich 1993) . Both the Ј and qЈ fields show the trailing spiral pattern mentioned in Willoughby (1995) . While the gross features of the beta gyres predicted by the linear ␤-AB model are qualitatively similar to those in previous works, a quantitative difference in the near-core asymmetric structure is evident in the slight ''pinching'' of the Ј field in the inner part (r ഠ 200 km) of the beta gyres. This pinching is associated with a secondary asymmetric PV maxima in Figs. 3 and 4 with approximately the same orientation as the principal PV gyres. The pinched geopotential field is thus a little different from those presented in previous work showing a ''near-uniform'' flow between the gyres (Elsberry and Abbey 1991) . When the nonlinear terms are included as in section 4, the secondary PV maxima is observed to disappear gradually as the nonlinear terms attain a similar strength to the linear terms (not shown). For the benchmark vortex, the secondary PV maxima in the nonlinear experiment is nonexistent after approximately 4 days.
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SPEED, DIRECTION, AND TRACK FOR THE BENCHMARK VORTEX
The linear drift speed of the benchmark vortex has been correlated with the vortex's outer wind strength. The slow decay of with radius (and hence relatively large size) of the benchmark vortex prevents direct comparison to the majority of previous track studies using more confined vortices. Fortunately FE used several vortices which scale similarly to the ones presented here. Fiorino and Elsberry (1989) define outer wind strength as
When the linear asymptotic drift speeds obtained with the ␤-AB model are plotted against the initial outer wind strength, the speeds for both the benchmark and Schloemer vortex (Willoughby 1992) slightly exceed the speeds calculated by FE for similar-sized vortices. This is consistent with the findings of Willoughby (1994, hereafter W94) where nonlinear interactions were shown to reduce the drift speed relative to its purely linear model run. Fiorino and Elsberry's numerical simulations include these nonlinear interactions. Nonlinear interactions tend to reduce the basic-state tangential wind and should reduce the asymptotic speed limit. Since the basic state is not allowed to vary in these linear simulations the vortex strength does not change and a higher asymptotic speed is expected. Section 4 examines the consequences of adding the nonlinear terms.
The variation of the linear drift speed of the benchmark vortex with time has also been examined. After 240 h the vortex is close to obtaining its linear asymptotic limit of approximately 6 m s Ϫ1 (not shown). By this time the vortex has reached its asymptotic northward drift speed and is close to attaining its asymptotic westward speed. The qualitative behavior of the linear ␤-AB model with respect to storm speed and direction is similar to previous motion studies on the beta plane. As evidenced by the track plot in Fig. 5 the vortex undergoes an initial northward drift, followed by an increasing westward component as the beta gyres become cyclonically advected. In the linear ␤-AB model the drift speed asymptotes to a finite value as a balance is obtained between the forcing of the beta gyres, advection of perturbation PV by the basic state, and perturbation advection of basic-state PV.
3 This balance is obtained by setting ‫‪t‬ץ/ץ‬ ϭ 0 in (3.4). In contrast to other investigations employing fully nonlinear nondivergent models on the ␤-plane (DeMaria 1985; FE; and others) vortices in the linear ␤-AB model take a longer time to attain their asymptotic drift speeds. Integrations with the nonlinear AB model presented in section 4 show VOLUME 56 this aspect to be a shortfall of the linear formulation. The attainment of a finite linear drift speed, however, is consistent with the theoretical prediction of Sutyrin and Flierl (1994) for quasigeostrophic vortices in a finite depth fluid but is in stark disagreement with Willoughby's (1992) linear PE model in which the linear drift speed increases indefinitely.
f. More confined hurricane-like vortices
The track of the DeMaria (1985) vortex (Fig. 6a) in the ␤-AB model along with the track obtained by DeMaria is shown in Fig. 6b . By 72 h the vortex as predicted by the linear ␤-AB model has obtained a speed of about 2 m s Ϫ1 and a direction of 325Њ, comparable to DeMaria's nonlinear nondivergent simulations with the same profile (2.5 m s Ϫ1 and 320Њ). The ''sluggish'' acceleration predicted by the ␤-AB model is believed to be an artifact of the ␤-AB formulation. First, while the local Rossby number for wavenumber one is less than unity, it is not small. Second, although the additional aproximations made in going from (2.18) to (2.19) are of the same formal accuracy as those used to derive (2.18), it is possible that the corresponding errors do not completely compensate for hurricane-strength vortices. Finally, the current implementation is formulated in an Earth-based coordinate system as opposed to a storm-relative one. The former choice tends to magnify the error associated with the approximation /Dt 2 (uЈ,
After 72 h the vortex path as predicted by the linear ␤-AB model starts a westward turn, heading due west by about 240 h. This behavior was also observed when the Willoughby (1992) vortex was forecast in the linear ␤-AB model, except the Willoughby vortex made its westward turn at an earlier time (not shown). In nondivergent dynamics the linear solution becomes formally invalid beyond a time t ϳ O(␤R MW ) Ϫ1 ഠ 6 days for hurricane-like vortices (Reznik and Dewar 1994) . Although the precise manner in which the variable deformation radius alters this time of validity in the linear ␤-AB model is not yet known, the anomalous turning predicted by the linear model disappears when wavewave and wave-mean flow interactions are retained. 4 Physically, an infinite linear asymptotic drift speed is not expected as long as the fluid depth is finite. On dimensional grounds one expects the linear asymptotic drift speed to be proportional to , 2 ␤R d where R d is the Rossby radius of deformation. In the quasigeostrophic limit (R K 1 throughout), R d is the ambient deformation radius (Sutyrin and Flierl 1994) and corresponds to the long-wave Rossby 2 ␤R d wave speed. For a resting fluid depth of 1 km this corresponds to a linear drift speed of order 80 m s Ϫ1 . As the Rossby number is increased, however, we expect R d to become a local deformation radius that is significantly less than the ambient value with a correspondingly reduced linear drift speed. A rigorous determination of the radius with which to evaluate R d remains for future work.
g. Reducing the local Rossby number
For hurricane-like vortices is typically less than but 2 R 1 not much less than unity. We now present evidence that this stretching of the theory is primarily responsible for the pinched Ј field and secondary maxima in the qЈ field observed in the benchmark vortex. Experiments are carried out with weaker vortices possessing order unity Rossby numbers but small local Rossby numbers, representative of a submesoscale oceanic ring vortex (McWilliams et al. 1986 ) or a tropical storm or depression.
The first case shown in Fig. 7a is that of a monopolar PV distribution scaled to the intensity of a weak tropical depression. The standard Rossby number attains a value of unity in the near-vortex region, while the local Rossby number squared is never much above 0.1, making the AB approximation ( K 1) a very good one. The geo-2 R 1 potential and perturbation PV fields at 96 h (Fig. 7b) are evidence of the consistency of the AB approximation. The ␤-AB model develops clean gyres (no pinching) in the perturbation PV showing no hint of a maximum inside the main beta gyres (except for a pseudomode). The Ј field has uniform flow between the gyres and exhibits none of the pinching of the previous examples. The linear drift speed asymptotes to 8 m s Ϫ1 at long times (not shown).
The second case is a monopolar PV distribution scaled to the intensity of a tropical storm (Fig. 8a) . It possesses a local Rossby number between that of the benchmark vortex and the depression. The perturbation geopotential and PV at 96 h for this case (Fig. 8b) shows characteristics similar to both the depression and the hurricane vortex. Unlike the hurricane vortex, the tropical storm develops an inner maximum in whose qЈ 0 amplitude is smaller than the beta gyres. The Ј fields exhibit only a slight pinching near the center and the linear drift speed asymptotes to a finite value of 10 m s Ϫ1 at long times (not shown).
The results obtained with the incipient and tropical storm vortex lend support to the universality of finite linear drift speeds in an equivalent barotropic fluid and do not support the Willoughby (1992 Willoughby ( , 1995 hypothesis that everywhere-cyclonic hurricane-strength vortices exhibit an altogether different linear dynamics than their quasigeostrophic counterparts (Sutyrin and Flierl 1994, their section 5) . Only the nondivergent (or infinite depth) fluid yields infinite linear drift speeds at long times (Sutyrin and Flierl 1994 , their section 9; Reznik and Dewar 1994; see also footnote 4). 
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h. In search of a translating normal mode
An analysis of numerical experiments using both linear nondivergent and linear ␤-AB models indicates that if the beta forcing is set to zero once the beta gyres are established the beta gyres are not a normal mode in the traditional sense of maintaining a fixed radial structure, but are simply asymmetries possessing long but not infinite lifetimes (Nicklas and Montgomery 1996, chapter 4) . While the Schloemer and Willoughby vortices of Willoughby (1992) appear to behave differently when viewed from the normal mode perspective, when considered as a symmetrization problem they in fact behave quite similarly. Based on these experiments, and those of Willoughby (1995) , we suggest that the only correct description of the linear dynamics when beta is set to zero is via the symmetrization of outer core gyres rather than the maintenance of a normal mode at near-zero frequency. We thus suggest that the beta gyres are not normal modes.
Nonlinear dynamics a. Motivation
The interaction between planetary Rossby waves and an intense vortex is manifest through long-term integrations, and the nonlinear terms neglected in sections 2 and 3 can no longer be neglected. This section extends the linear ␤-AB formulation of section 2 to the analogous nonlinear motions. Differences between our results and those of W94 will be highlighted and explanations for the differences will be discussed.
b. Nonlinear ␤-AB formulation
The governing equations are the same as the one described in section 2, but nonlinear terms are included. Following SM (section 3), the equation system is either linear near the vortex core or quasigeostrophic in the environment. For the present motion experiments it is sufficient to add the nonlinear quasigeostrophic terms to the system.
In the ␤-AB formulation the nonlinear terms added to the right-hand side of Eq. (2.19) are
As described in Möller and Jones (1998, section 2a) , it is necessary to suppress the nonlinearities in the vortex-core region because the Coriolis parameter underestimates the inertia frequency in that region. Using an ad hoc procedure, akin to an Oseen regularization (Batchelor 1967, 240-241) , the nonlinear terms (4.1) are multiplied by the factor /( 0 0 ) 3/2 , which keeps 3 f 0 the nonlinear terms in the near-core region O(⑀/R) relative to the linear terms, where ⑀ denotes the amplitude of the asymmetries relative to the basic-state flow and R is the standard Rossby number defined in section 2. As discussed in section 4c, tests with a more complete nonlinear formulation that includes full inertial effects confirm our results and justify the ad hoc procedure. This latter nonlinear formulation will be reported in a forthcoming publication.
c. Experiments with initially cyclonic vortices
As in section 3 we consider the canonical ␤-drift problem. With a variety of vortices, we investigate the vortex structure changes, Rossby wave wakes, and the sensitivity of vortex track due to azimuthal-wavenumber truncation. Ross and Kurihara (1992) found that truncation at azimuthal wavenumber 2 (discarding wavenumbers 3 and higher) was sufficient for an accurate vortex track out to 2-4 days. In our long-term integration the maximum azimuthal wavenumber retained is set at 3, 4, 6, or 8. In this subsection only the results for wavenumbers 3 and 4 will be shown, since the results for wavenumbers 6 and 8 are essentially the same as those for wavenumber 4. In addition, the domain size varies from 3000 to 12 000 km, and for simplicity no dissipative ''sponge ring'' is used. Figure 9 shows the tracks for the benchmark vortex and the corresponding Rossby wave wakes in a 12 000-km domain with azimuthal-wavenumber truncation at 4 (Fig. 9a) and 3 (Fig. 9b) , and in a 6000-km domain with azimuthal-wavenumber truncation at 4 (Fig. 9c) . In all cases the vortex accelerates to 2 m s Ϫ1 for the first 3 days, similar to the linear case, and goes straight northwest. Then the vortex decelerates to 0.5 m s Ϫ1 . Although after 5 days' integration time the speed does oscillate between 0.5 and 1.0 m s Ϫ1 , there is no evidence of the acceleration found by W94 near the end of his integration. Fiorino and Elsberry (1989) (their Fig. 11a) show a deceleration similar to ours up to 5 days, followed by an acceleration to 6 days, just as in our case; FE terminate their calculation at this time. The different track directions in the 12 000-km domain are due to the different wavenumber truncations. The same experiment in a smaller domain of 3000 or 6000 km, however, gives a stronger acceleration and the track deviates to the south. The domain size used in W94 is 3000 km. Willoughby (1994) included a sponge ring and could not find any sensitivity to its strength. We found in similar tests, that for the long term (longer than 5 days) a sponge ring in a domain smaller than 6000 km is not sufficient, and we therefore believe that the results of W94 after 5 days are affected by his small domain size. Additionally, W94 included only up to azimuthal wavenumber 3, which, according to our results, would seem to distort the track direction.
The development of the asymmetric circulation can be seen by the development of the potential vorticity asymmetries or so-called Rossby wave wakes. Similar to previous studies examining the motion of isolated vortices (McWilliams and Flierl 1979; Shapiro and Ooyama 1990; Sutyrin and Flierl 1994) , a Rossby wave wake is left behind the westward-propagating vortex. At early times there is a positive PV anomaly to the west and a negative PV anomaly to the east of the vortex. At later times, alternating positive and negative anomalies develop on the east side extending to larger and larger distances from the center (right-hand panel of Figs. 9a,b) . The physics connecting the Rossby wave wakes to the nonlinear drift speed and drift angle at long times is not yet understood (e.g., cf. Sutyrin and Flierl 1994, section 10; Reznik and Dewar 1994, section 7; Llewellyn Smith 1997) .
In the case of the experiment with azimuthal-wavenumber truncation at wavenumber 4 and domain size 6000 km, a boundary-induced disturbance appears after 5 days near the western domain boundary (right-hand panel of Fig. 9c ). This wavelike disturbance increases with time and moves eastward toward the center of the vortex. A rough estimate of the wavelength of the disturbance is 3000 km; the group velocity of a planetary Rossby wave with this wavelength is about 5 m s Ϫ1 , allowing it to move eastward about 4000 km in 10 days. We believe that these disturbances are generated at the outer boundary and that they influence the vortex track and velocity. These results suggest that care must be exercised for long-term integrations in choosing a large enough domain even when a sponge ring is used.
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FIG. 9. Tracks for the benchmark vortex (left-hand panels; one symbol per day) and the corresponding Rossby wave wakes (potential vorticity asymmetries after 8 days; right-hand panels) using the nonlinear ␤-AB model in a 12 000-km domain with azimuthal-wavenumber truncation at wavenumbers 4 (Fig. 9a) and 3 (Fig. 9b) , and in a 6000-km domain with azimuthal-wavenumber truncation at wavenumber 4 (Fig. 9c) . Axes are labeled in km. The PV asymmetry plots omit the contribution from the planetary vorticity for the sake of clarity; contour interval for the PV asymmetries is 1 ϫ 10 Ϫ10 s m Ϫ2 .
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Similar experiments with a tropical storm, where the local Rossby number squared K 1, and in the qua-2 R l sigeostrophic limit, where the standard Rossby number is K1, support these results (not shown). In case of the azimuthal wavenumber truncation at wavenumber 3 the track deviates after 5 days to the north, whereas in case of the truncation at wavenumber 4 the track turns to the west. The above results are therefore not believed to be an artifact of the AB approximation. To confirm that these results are also not an artifact of the ad hoc nonlinear formulation, as described in section 4b, additional tests were made using a more complete nonlinear formulation based on section 5 [Eq. (5.1)] of SM. The results of the experiments for the benchmark vortex, tropical storm, and tropical depression support those discussed above, in particular the sensitivity to azimuthal-wavenumber truncation.
d. Diagnostics with benchmark vortex in 12 000-km domain
In order to clarify the differences between our results and those of W94, we apply the same diagnostics as the ones used in W94. Willoughby (1994) have been calculated. Although the tracks of W94 and ours are quite different, the total RAM, planetary PV, and eddy fluxes in our experiments are very similar to those in W94. As already noted in Shapiro and Ooyama (1990) the RAM is highly dependent on radius. If one were to choose 1500 km instead of 1000 or 2000 km, the results would be quite different. In order to relate RAM to the vortex acceleration, the following question arises: which radius is the right one to choose when the RAM is so sensitive to that choice? It is not surprising that W94 states that ''in the last half of the calculation the vortex acceleration does not track the RAM so closely.'' Since the correlations found by W94 are dependent on his choice of radius, a unique relationship between RAM and vortex motion is not possible, even for shortterm integrations.
The planetary PV and eddy PV fluxes can nevertheless be used to describe how the structure of the vortex changes in time by looking at the changes in RAM. After 24 h the planetary PV fluxes are negative and dominant for the whole domain, whereas the eddy PV fluxes are positive in the vortex region and nearly zero outside. Similar results were found in Fig. 3 ) for the first 48 h. Due to the dominance of the planetary PV fluxes, the RAM decreases and an anticyclonic tangential wind develops after 2 days outside of 1500 km (see Fig. 10 ).
RAM decreases where an anticyclone develops and vice versa. Only in the beginning of our integrations, when the vortex movement is governed by near-linear dynamics, might it be possible to relate the RAM to the direction of the vortex track. However, the RAM is an integrated quantity, and it is easier and more direct to look at the tangential velocity profile outside of the vortex core. Fiorino and Elsberry (1989) already found that the storm track is influenced by the magnitude and sense of the tangential velocity in the outer regions of the vortex. As might be expected, an evaluation of the differences between the tangential velocity radial profiles themselves also did not help to explain the different long-term tracks in the benchmark experiment.
We suggest that it is only possible to relate the tangential wind structure to the direction of the track at early times when linear dynamics dominates. The large cyclonic circulation tends to move the vortex to the northwest. The development of the anticyclone starts slowly and grows in time, while the cyclonic winds decrease. Correspondingly, the vortex decelerates. Similar to RAM, the tangential wind has a strong radial dependence and the influence on vortex motion can be found only at early times. After about 4 days the nonlinear terms are large enough to have influence on the direction and speed of the vortex, which makes it exceedingly problematic to find a relation between tangential velocity or RAM and the vortex motion.
e. Axisymmetrization and energy-enstrophy cascade
A more fruitful diagnostic framework for understanding long-time vortex motion than either RAM or vorticity fluxes is quasi-two-dimensional turbulence and vortex axisymmetrization.
The symmetrization of the potential vorticity occurs because of the differential rotation of fluid around the vortex. This appears to explain the dominant westward translation, following Sutyrin and Flierl (1994) . After a certain period of time when the asymmetries are symmetrized away, the only asymmetry that is left is the relative vorticity asymmetry, which is equal in magnitude but of opposite sign to that of the Coriolis parameter. With the negative anomaly to the north and the positive to the south the direction vector is purely westward. Smith and Montgomery (1995) showed that asymmetric vorticity perturbations of higher wavenumbers tend to decay faster than lower ones. We think that this dependence is responsible for the different vortex directions and speeds for different azimuthal-wavenumber truncations. The higher the wavenumber the faster they are symmetrized and the vortex turns to the west, whereas a wavenumber-3 truncation allows the vortex to move VOLUME 56 to the north, as the symmetrization process is less complete.
In quasi two-dimensional flows the enstrophy cascade tends to go from the lower wavenumbers to the higher wavenumbers, the energy cascade vice versa. Therefore it is not surprising that there is a sensitivity in the vortex direction and speed to azimuthal-wavenumber truncation. The acceleration in the first days occurs due to the growing beta-gyres. Finally, the higher wavenumbers grow in time and interact with each other and the vortex.
When more wavenumbers are included a less constrained energy and enstrophy cascade is possible. Figures 11 and 12 show the energy and enstrophy as a function of azimuthal wavenumber, respectively, for wavenumber truncation 3 (dotted line), 4 (dashed line), and 8 (solid line). The energy is the area-integrated pseudoenergy [see Eq. (2.29)], and the enstrophy is the area-integrated square of the pseudo PV [see Eq. (2.27)]. The corresponding vortex tracks for wavenumber truncation at wavenumbers 3 and 4 are shown in Figs. 9a and 9b, for wavenumber-8 truncation in Fig. 13 . Note that for azimuthal-wavenumber truncation at wavenumber 8 the track is more to the north (ϳ100 km) than for truncation at wavenumber 4. Tests with higher wavenumber truncations at 16 and 32, however, resulted in the same track as in Fig. 13 . Therefore we believe that an azimuthal wavenumber truncation should include at least up to wavenumber 4. Truncation at a lower wavenumber results in a distortion of the energy and enstrophy spectra, thereby affecting the track. Initially, the energy as well as the potential enstrophy look similar for all wavenumber truncations. The maximum occurs at wavenumber 1 for the first 2 days and at wavenumber 2 for the next 3 days. The higher wavenumbers grow in time for wavenumber truncation at wavenumbers 4 to 8, whereas in case of wavenumber-3 truncation the maximum stays at wavenumbers 1 and 2. After 5 days the potential enstrophy shows a maximum at wavenumber 1 for all wavenumber truncations, and in the case of wavenumber-3 truncation the maximum is the strongest. In the case of the energy cascade wavenumber 1 dominates after 6 days for wavenumber truncation at wavenumber 3, whereas for the higher wavenumber truncation the energy is more distributed to the higher wavenumbers. It is obvious that in the case of the wavenumber-3 truncation the wavenumber-1 energy is too large and seems to be ''trapped'' in wavenumber 1. As wavenumber 1 is the important wavenumber for vortex motion, an azimuthal-wavenumber truncation at such low wavenumbers must have a significant impact on the motion. We suggest that this trapped energy in wavenumber 1 is responsible for the difference between our tracks and those of W94.
f. Experiments with zero RAM vortices
Experiments have been carried out also with initially zero RAM vortices. Again we tested different truncation of azimuthal wavenumbers and different domain sizes. For the case of the wavenumber-3 truncation in a 12 000-km domain, the track and speed of the vortex is similar to the zero RAM vortex in W94 for the first 6 days. After 6 days the vortex accelerates, turns to the southwest, and then back to the north (Fig. 14a) . Figure  14b shows the track for azimuthal-wavenumber truncations at wavenumber 4 again in a 12 000-km domain. For wavenumber truncations at wavenumbers 6 and 8 (not shown) the vortex tracks are similar to the latter one. The acceleration after 6 days decreases with increasing wavenumbers. As we found for the initially completely cyclonic vortex, the energy cascade for azimuthal wavenumber truncation after 3 is restricted to the lower wavenumbers. After 5 days the energy is trapped between wavenumbers 1 and 2 and is much larger than for wavenumber-4 truncation and higher, which influence the track insofar that the vortex track is more to the north.
In the case of a wavenumber-4 truncation and a 6000-km domain size the track is very similar to the 12 000-km domain size, unlike the benchmark vortex. In a 3000-km domain the zero RAM vortex moves much slower and the westward turn is much weaker than in the 6000-km domain (not shown). The Rossby radiation field for a vortex with zero RAM is weak (cf. Flierl et al. 1983; Shapiro and Ooyama 1990) so that the reflections will be minimized from the boundaries. For our vortices that extend to 3000 km, the boundaries nevertheless appear to have an influence on the track for a 3000-km domain. The tracks in Fig. 14 are less to the west than the corresponding tracks in Figs. 9 and 13 for the initially cyclonic vortex. Although, as noted by Shapiro and Ooyama (1990) , there is no simple relationship between RAM and motion, the difference could be related, at least in part, to the weaker Rossby wave dispersion in the zero RAM case, which could lead to less westward ''propagation.''
Conclusions
This work has extended AB theory to the ␤ plane (␤-AB) in the context of shallow water dynamics. The balance formulation was developed in order to attain a better understanding of the dynamics governing the motion of barotropic vortices whose intensities range from incipient vortices to hurricanes. For simplicity, the balance formulation was developed in an earth-based system of coordinates whose origin resides at the instantaneous vortex center. When vortices are placed on the ␤ plane, the linear formulation correctly develops the beta gyres necessary for self-advection and predicts finite drift speeds at long times in all cases. This finding is consistent with the theoretical prediction of Sutyrin and Flierl (1994) for linear quasigeostrophic dynamics, but it is in disagreement with the linear prediction of Willoughby (1992) in which cyclonic vortices accelerate, indefinitely, never appearing to reach a constant speed.
The different conclusions obtained by the present work and Willoughby (1992) can be traced to the issue of whether or not the beta gyres can be correctly identified as a translating normal mode of zero frequency. If the beta gyres are a normal mode in the sense of possessing a fixed radial structure, then they should retain their fixed structure when the beta forcing is switched off. Upon performing this experiment in both linear nondivergent and linear ␤-AB models for several everywhere-cyclonic vortices we find instead that the beta gyres axisymmetrize with an approximate half-lifetime equal to the inverse of the local radial shear. This conclusion is furthermore found to be independent of whether the basic-state vortex tangential wind asymptotes to zero at infinite radius or attains zero at a finite radius. Based on this evidence we conclude that the beta gyres are not a normal mode. This conclusion should not depend upon whether an earth-based or storm-relative coordinate system is adopted. We therefore argue against the possibility raised by Willoughby that the linear motion of hurricane-strength vortices in an equivalent barotropic fluid is intrinsically different from linear motion in quasigeostrophic vortices. In other words, while the magnitudes of the linear drift speeds obtained in the two model systems is very different [O(80) m s Ϫ1 in the quasigeostrophic case and O(6) m s Ϫ1 in the linear ␤-AB case], they both yield finite linear drift speeds.
The linear balance formulation was extended to a nonlinear one and the nonlinear vortex drift speed was found to be slower than in the linear cases. The tracks in our nonlinear experiments are consistent with FE for the first 6 days (the end of their integration time). As far as we are aware no other studies besides W94 and ours have integrated for a longer period of time. We found differences in vortex track direction and speed between our results and those of W94. These differences could not be explained by diagnosing RAM and vorticity fluxes as proposed by W94, but are more consistently explained by axisymmetrization and energy-enstrophy cascade arguments. We were able to show that the vortex track direction is sensitive to wavenumber truncation. For long-term motion integrations (10 days) retention of asymmetries with at least azimuthal wavenumber 4 was found necessary for a solution to which the model converges with higher wavenumber truncation. By contrast, W94 included up to azimuthal wavenumber 3 in his model calculations, which in our calculation resulted in a piling up of energy in wavenumber 1 and a distorted vortex track to the north. There is also a disagreement about the domain size between W94 and our results. We claim that for such longterm integrations a domain of approximately 10 000-km radius is necessary to avoid contamination by boundary effects, even when a sponge ring is used, whereas W94 used a 3000-km domain with a sponge ring layer that he believes to be sufficient. Our results extend those of Ross and Kurihara (1992) for shorter integrations.
The potential advantage of a storm-relative formulation of ␤-AB and the minimally truncated evolution equation for hurricane-strength vortices will be explored in future work. Although the local Rossby number was not small for the case of hurricane vortices, so that the fundamental assumption of the AB theory is not satisfied when wavenumbers Ͼ1 are included, we are confident in the basic results. Recent calculations using a primitive equation model (Shapiro 1998 ) essentially replicate symmetrization experiments using the AB formulation (Möller and Montgomery 1999) where azimuthal wavenumbers Յ32 are included. The fully nonlinear AB formulation is also being extended to three dimensions in order to investigate structure and intensity changes of hurricanes. This balance system should help elucidate the basic dynamics underlying changes in the hurricane's inner core.
